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ABSTRACT 

Reinforced viscoelastic cylindrical shells with deformable fillers are 

used in rocketry, aircraft construction, shipbuilding, and construction.  To 

give greater rigidity, the thin-walled part of the shell is reinforced with 

ribs, while a slight increase in the weight of the structure significantly 

increases its strength, even if the ribs are of low height.  The purpose of 

this work is to develop a technique, algorithm and programs for finding 

resonant frequencies and modes of vibration for circular ribbed 

viscoelastic cylindrical shells under various boundary conditions.  The 

paper deals with vibrations of longitudinally reinforced cylindrical shell 

structures with a filler.  The variation principle is used to study the 

vibrations of a thin longitudinally reinforced viscoelastic cylindrical shell 

under dynamic influences. Oscillatory processes of the filler and the 

bonded shell satisfy the Lame equations.  At the contact between the shell 

and the filler, the conditions of rigid contact are fulfilled.  The 

relationship between stresses and strains, for a linear viscoelastic 
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material, is represented in the form of the Boltzmann-Voltaire integral.  

Key words: shell, instantaneous modulus of elasticity, deformation, total energy, ribs, 

viscosity. 

 

1.Introduction. 

Reinforced viscoelastic cylindrical shells with deformable fillers are widely 

used in rocketry, aircraft construction, shipbuilding, and construction.  To give 

greater rigidity, the thin-walled part of the shell is reinforced with ribs, while a 

slight increase in the weight of the structure significantly increases its strength, 

even if the ribs are of low height.  The study and elimination of resonance 

phenomena in shells is of great practical interest.  A large number of theoretical 

and experimental works are devoted to the study of natural vibrations of circular 

cones.  However, there are still no reliable solutions that allow determining the 

parameters of resonances in a wide range of changes in physical and geometric 

parameters.  There are also works in which the theoretical and experimental 

method obtained dependences for determining the resonance frequencies [1] and 

vibration modes of truncated conical panels [2,3].  Another method is mainly 

used to study shells, which allow one to go from the stability equations for 

conical shells to the corresponding equations for cylindrical shells with a 

circular cross section.  Many works use moment-free and semi-momentless shell 

theories [4, 5].  Approximate methods are also used to solve problems of natural 

vibrations [6,7].   2. Methods  

 2.1.  Problem statement and basic relations 

This work is devoted to the study of free vibrations of cylindrical shells with a 

filler, reinforced by discretely distributed longitudinal systems of ribs under axial 

compression and taking into account the friction between the shell and the filler. The 

analysis of the influence of the parameters of the external environment on the 

parameters of the frequency of natural vibrations of the system is carried out. The 
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problem was solved in an energetic way.  The potential energy of a shell loaded with 

axial compressive forces has the form [8]: 

  Consider a closed circular cylindrical shell with R radius, thickness, with edges 

k and n (along the longitudinal and annular directions, respectively). To obtain the 

equations of natural vibrations, we use the Lagrange principle of possible 

displacements, which takes into account the boundary conditions 

,0)(  AK                                               (1) 

where K is the kinetic energy of the shell and the rib, P is the potential energy of 

the shell and the rib, A is the work of external forces. 

The problem was solved in an energetic way. The potential energy of a shell 

loaded with axial compressive forces has the form [8]: 
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here ,1
R

L
 ,

R

x
 ;

R

y
 x , у,z- coordinates, cc GE , - elastic moduli and shears of the 

material of the longitudinal ribs, k – number of longitudinal ribs, 
x

  - axial 

compressive stresses, wu ,,  - components of the shell displacement vector,                   

Е,  - Young's modulus and Poisson's ratio of the shell material,                                      

c
F , 

yc
I , 

ckp
I

.
  - respectively, the areas and moments of inertia of the cross-section of 

the longitudinal bar relative to the axes  ОХ и ОZ, and also the moment of inertia 

during torsion. 

  The interaction of the filler with the shell is represented as a surface load 

applied to the shell, which performs work on the displacements of the contact surface 
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during the transfer of the system from the deformed state to the initial undeformed 

state
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where 
zx

qqq ,,
  - pressure from the filler on the shell, f is the friction 

coefficient. Total system energy: 
0

АКЭП  . 

Physical relations for an isotropic viscoelastic body take the form [9] 
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Here  -  Poisson's ratio of the shell material, which is assumed to be 

constant;       кЕ
~

 - operator moduli of elasticity of the conical shell and ribs 
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кE0 - Young's instant modulus  (к=1,2,3...L ); к=1- instantaneous modulus 

of elasticity of the shell, к=2,3...L– instant modulus of elasticity of ribs,                          

)(tf  - continuous function; )( tRЕк - relaxation core.  

     Physical relations, taking into account the creep of the material (3) on 

the basis of the linear theory of heredity, take the form [10] 
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  Here )(),( 21   tRtR ЕЕ - relaxation nuclei. The influence of the stiffness 

of the ribs is taken into account using the Dirac impulse function. 

    The location and height of the ribs is set by the function 
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Integrating voltages (3) over z , ranging from 
2

h
  до H

h


2
, we obtain the 

forces, moments and transverse forces reduced to the middle surface of the shell, for 

a unit length of the middle surface 
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; 

F , S , J  — areas (cross-section or longitudinal) of the ribs per unit length of 

the median surface. The static moment and the moment of inertia of the middle 

surface of the shell have the form 
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Let the transverse dynamic load act on the shell  tyxq ,, . Then the 

unknown unknown displacement functions WVU ,,  and the angles of rotation 

of the normal yx  ,   are functions of variables x , y  и t . The functional of the 

total strain energy of the viscoelastic shell has the form 
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Shell kinetic energy: 



 
















































































































1

1

1

0

1
1

2

1

2

1

0

2

0 1

2

1

2

1

2

)1(2

)1(2

k

i

ccc d
t

w

t

u

R

FE

dd
t

w

tt

uЕh
K





 











   (8)

 

here  
0
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 ,  where 

c
 ,

0
 - the density of the shell and rod materials, 

respectively,  i
k

i

1

2
  .   

The equation of motion of the medium, in vector form, has the form 

[11,12]: 0222  SSrotrotaSdivqrada te  , 0 L, 0 R  

 (9) where  /,/)2( 22  et aa , et aa , - velocities of propagation of 

longitudinal and transverse waves in the aggregate, respectively;           
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 - displacement vector; ,  - Lame coefficients. Contact 

conditions are added to the systems of equations of motion of the medium (9). It 

is assumed that the contact between the shell and the core is rigid, i.e. at Rr  : 
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where ,s s   -operator Lamé coefficients for a medium in the form (2). 

Supplementing the equations of motion of the filler (9) with contact conditions 

(11) and (12), we arrive at the contact problem of vibrations of a cylindrical shell, 

supported by cross systems of ribs filled with a medium. In other words, the problem 

of vibrations of the ribs of a cylindrical shell with a filler reinforced by cross systems 

under axial compression is reduced to the joint integration of the equations of the 

theory of shells and the equations of motion of the filler when the specified 

conditions are met on the surface of their contact. 

   

                          
Fig. 1. System frequency dependence  

01
  from compressive stresses at 

different values n: 1. n=2; 2. n=3; 3. n=4. 

As an example to illustrate the change   depending on the relative weights of 

the ribs, the results of calculations of the ribs of cylindrical shells filled with a 

medium, reinforced by longitudinally reinforced systems, are presented. 

The calculation results are shown in Fig. 2 as curves  
2

1 2
( ) R 


  для различных значений 2 . Solid curves correspond to vibrations 

of a ribbed shell without fillers. 
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  Fig. 2. Change in the dynamism coefficient depending on the relative 

weights of the ribs at different weights of the transverse rib1. 

1 1 11. 0; 2. 0,2;3. 0.4.        Analyzing the results of calculations, it is easy to see that the best bearing 

capacity of the shell is achieved with reinforcement only by transverse ribs 

( 2 =0), for whom max 18,7031  . The abscissa of this point is 0,50. 

   

5. Conclusions 

1. An algorithm for solving the problems of natural vibrations of shells for 

ribbed viscoelastic cylindrical shells has been developed. To solve dynamic 

problems, the method of separation of variables and special functions of the 

subject of the equations of mathematical physics, the freezing method, the 

methods of Mueller and Gauss are used. 

 2. Analysis of the calculation results shows that with a decrease in the 

thickness of the viscoelastic cylindrical shell, the real and imaginary parts of the 

first and second vibration frequencies decrease monotonically. The real parts of 

the third and fourth frequencies decrease moderately, while the corresponding 

imaginary parts increase smoothly. 

3. Taking into account the rheological properties of the material makes it 

possible to increase (or decrease) the frequency values of the shell up to 10%. 
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